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$G$ $S$
$x,$ $y\in G$ $x^{-1}y$ $S$
$d_{S}(x, y)$ $G$ $d_{S}$ $S$
$S,$ $S’$ $d_{S}$ $d_{S’}$
$A\geqq 1$ $B>0$









$X$ Higson $\nu X$ Hausdorff $X$
( )




( ) $Xarrow X$
$\nu Xarrow\nu X$
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1.1. $X$ large-scale doubling
$f:Xarrow X$ $\nu f:vXarrow vX$
$xarrow\infty hmd(x, f(x))=\infty (\#)$
$(\#)$ $R>0$ $K\subset X$
$x\in X\backslash K$ $d(x, f(x))\geqq R$ $X$
large-scale doubling
( \S 2 ), $\mathbb{R}^{n}$ $\mathbb{H}^{n}$
$\nu f$ $\nu X$ ( 2.3).
Stone-\v{C}ech van Douwen [2]
( ).
1.2 (van Douwen). $X$ Hausdorff
$f:Xarrow X$ $\beta f|_{\beta X\backslash x:}\beta X\backslash Xarrow\beta X\backslash X$
$f$
van Douwen coloring
$f:Xarrow X$ coloring $X$ $\{F_{i}|i=$
$1,2,$
$\ldots,$
$n\}$ $i\in I$ $f(F_{i})\cap F_{i}=\emptyset$
1.3. Hausdorff $X$
$f:Xarrow X$ coloring $\square$
Stone-\v{C}ech
1.4. $X$ $f:Xarrow X$ $f$ coloring
Stone-\v{C}ech $\beta f:\beta Xarrow\beta X$
$\{F_{i}|i=1,2, \ldots, n\}$ $f$ coloring
$\beta X=\bigcup_{i=1}^{n}c1_{\beta X}F_{i}$
$\xi\in\beta X\backslash X$ $\xi$ $\beta f$
$i$ $\xi\in$ cl$\beta x^{F_{i}}$ $f$ $f(F_{i})$
$X$ $\gamma:Xarrow[O, 1]$ $\gamma|_{F_{i}}=0,$ $\gamma|_{f(F_{i})}=1$
$\gamma$ $\beta\gamma:\beta Xarrow[O, 1]$ $\beta\gamma(\xi)=0,$
$\beta\gamma(\beta f(\xi))\in\beta\gamma(cl\beta xf(F_{i}))=\{1\}$ $\xi\neq\beta f(\xi)$ $\square$
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van Douwen Hausdorff $X$




$n$ $n$ $X= \bigcup_{n=1}^{\infty}nS^{n}\subset\ell^{2}$
$f:Xarrow X$ $nS^{n}$ $x\mapsto-x$
$X$ 1.2 $\beta f:\beta Xarrow\beta X$
1.3 $\beta f$ coloring $\{F_{i}|i=1,2, \ldots, N\}$
$nS^{n}\subset X$ $n$ $N$
coloring Borsuk-Ulam $n$
coloring $n+2$ $*$ 1.
$N<n+2$ $n$
van Douwen 1.2
linearly controlled asymptotic dimension










$X$ $x$ $r\geqq 0$ $B(x, r)$ $x$ $r$
:
$B(x, r)=\{y\in X|d(y, x)\leqq r\}.$
$*1$
$\{F_{0}, F_{1}, \ldots, F_{n}\}$ $n+1$ $S^{n}$ $i$ $x\in S^{n}$
$x,$ $-x\in F_{i}$ $f:S^{n}arrow \mathbb{R}^{n}$ $f(x)=(d(x, F_{1}), \ldots, d(x, F_{n}))$
Borsuk-Ulam $f(x)=f(-x)=y$ $x$ $y$ $i$ $0$





( ) $f:Xarrow Y$ (quasi-
isometry) $A\geqq 1$
(1) $x,$ $x’\in X$ $A^{-1}d(x, x’)-A\leqq d(f(x), f(x’))\leqq Ad(x, x’)+A.$
(2) $y\in Y$ $x\in X$ $d(y, f(x))\leqq A.$
$\mathbb{Z}^{n}arrow \mathbb{R}^{n}$ $G$
$S,$ $S’$ $d_{S},$ $d_{S’}$
id: $(G, d_{S})arrow(G, d_{S’})$
$f:Xarrow Y$ (1)
( ) $S$
$X$ $h,$ $k:Sarrow X$ (close) $M>0$
$s\in S$ $d(h(s), k(s))<M$ $h\sim k$
2.1. $f:Xarrow Y$




$g:\mathbb{R}arrow \mathbb{Z}$ $g(x)=[x]$ ($x$ ) $g$
$f$
$X$ $h:Xarrow \mathbb{R}$ Higson $R>0$
$\lim_{xarrow\infty}$ diam$(h(B(x, R))$ ) $=0$
$R>0$ $\epsilon>0$
$K$ $x\in X,$ $\backslash K$ $d(y, x)<R$ $d(h(x), h(y))<\epsilon$
$X$ Higson Banach
$C_{h}(X)$ $C_{h}(X)$ $X$
Higson $X$ Higson $hX$ $X$
$f:Xarrow \mathbb{R}$
$f$ $hX$ $\Leftrightarrow f\in C_{h}(X)$
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$X$
Higson ( Higson )
$c*$ $c*$ Gelfand-Naimark
Higson




$\nu f:\nu Xarrow\nu Y$ [8, Section 2.3]
2.2. $\nu$ $f:Xarrow Y$ $g:Yarrow Z$
$\nu(g\circ f)=\nu g\circ\nu f$ $\nu(id_{X})=id_{\nu X}$ $h,$ $k:Xarrow Y$
$h\sim k$ $\nu h=\nu k$
2.1
2.3. $f:Xarrow Y$ $\nu f:\nu Xarrow\nu Y$
$\nu f$ [6, Proposition 2.5].
2.4. $\nu f$ $f:Xarrow Y$ $f\cup\nu f:X\cup\nu X=hXarrow$
$hY=Y\cup\nu Y$ $f\cup\nu f$ $\nu X$
$vf:\nu Xarrow\nu X$
2.2 Large scale doubling
1.1 large-scale doubling
2.5. $X$ large-scale doubling $N\in \mathbb{N}$ $r_{0}\geqq 0$
$r\geqq r_{0}$ $X$ $2r$ $N$
$r$ $r\geqq r_{0}$ $x\in X$





doubling doubling large-scale doubling
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$\mathbb{R}^{n}$ doubling ( large-scale doubling
$)$ . $\mathbb{R}^{n}$ 2 ( ) ( $N$
$)$ 1 $r$ $2r$





$X$ $S$ $r$ ( $r$-discrete) $x,$ $y\in S$
$d(x, y)>r$
2.6. $X$ large-scale doubling $N$ $r0>0$
$c\geqq 1$ ( $N$ $c$ )
$M\in \mathbb{N}$ : $r\geqq 2r_{0}$ $cr$ $r$
$M$
$r\geqq 2r_{0},$ $x\in X$ $B=B(x, cr)$ $r$
$S$
$q$ $c\leqq 2^{q}$ $M=N^{q+1}$ large-
scale doubling $q+1$ $B$ $M$ $r/2$
$B_{i}=B(x_{i}, r/2)(i=1,2, \ldots, M)$ $s\in S$
$i=f(s)$ $s\in B_{i}$ $f:Sarrow\{1,2, \ldots, M\}$
$f(s)=f(t)=i$ $d(s, t)\leqq d(s, x_{i})+d(x_{i}, t)\leqq r/2+r/2=r$
$S$ $r$ $s=t$ $S$ $M$
2.3
(asymptotic dimension)
2.7 (asdim). $X$ $X$ asdim $X$
$n$ asdim $X\leqq n$ $R_{0}$ $R\geqq R_{0}$
$/X$ $n+1$ $\mathcal{U}_{0},\mathcal{U}_{1},$ $\ldots,\mathcal{U}_{n}$
$\bullet$ $\mathcal{U}_{0}U\mathcal{U}_{1}U\cdots \mathcal{U}_{n}$ $X$
$\bullet$ $i$ $\mathcal{U}_{i}$ $R$
$U,$ $V\in \mathcal{U}_{i}$ $U\neq V$ $d(U, V)\geqq R$
$\bullet$ $i$ $\mathcal{U}_{i}$
$M>0$ $U\in \mathcal{U}_{i}$ diam $U\leqq M$
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asdim $X\leqq n$ $n$ $n$
$X$ asdim $X$ asdim $\leqq n$ $n$
asdim $X=\infty$
asdim aedim $\mathbb{R}^{n}=n$




$f:Xarrow Y$ $\rho_{1}\leqq\rho_{2}$ $\lim_{tarrow\infty}\rho_{1}(t)=\infty$
$\rho_{1},$ $\rho_{2}:[0, \infty)arrow[0, \infty)$ , $A>0$
$\bullet$ $x,$ $x’\in X$ $\rho_{1}(d(x, x’))\leqq d(f(x), f(x’))\leqq\rho_{2}(d(x, x’))$ .
$\bullet$ $y\in Y$ $x\in X$ $d(y, f(x))\leqq A.$
$\rho_{1},$ $\rho_{2}$
$*$ 2.
2.7 $\mathcal{U}_{i}$ $M$ $R$
$M$ $R$
(linearly controlled asymptotic dimension) $\ell$-aedim $X$
2.8 ($\ell$-asdim). $X$ $X$ $\ell$-asdim $X$
$n$ $\ell$-asdim $X\leqq n$ $>0,$ $C_{0}>0$
$R\geqq$ $X$ $n+1$ $\mathcal{U}_{0},\mathcal{U}_{1},$ $\ldots,\mathcal{U}_{n}$
$\bullet$ $\mathcal{U}_{0}U\mathcal{U}_{1}U\cdots \mathcal{U}_{n}$ $X$
$\bullet$ $i$ $\mathcal{U}_{i}$ $R$
$U,$ $V\in \mathcal{U}_{i}$ $U\neq V$ $d(U, V)\geqq R$
$\bullet$ $i$ $\mathcal{U}_{i}$ $C_{0}R$
$U\in \mathcal{U}_{i}$ diam $U\leqq C_{0}R$
$\ell$-asdim $X\leqq n$ $n$ $n$ $X$
$\ell$-asdim $X$ $\ell-$asdim $\leqq n$ $n$
$\ell$-asdim $X=\infty$







$\ell-$ asdim $X<\infty$ asdim $X<\infty$
asdim $\ell$-asdim $k\geqq 2$
as$\dim G_{k}=k,$ $\ell$-asdim $G_{k}=\infty$ $G_{k}$ (Nowak [7]).
$n\geqq 1,$ $k>0$ asdim $G_{n,k}=n,$ $\ell$-asdim $G_{n,k}=n+k$
$G_{n,k}$ ( ) (Higes [4]).
large-scale doubling $X$ $\ell$-as$\dim$
Lang-Schlichenmaier [5]
2.9. $X$ ’ large-scale doubling $\ell$-asdim $X<\infty$
$r0>0$ large-scale doubling $R_{0}=2r_{0},$ $C_{0}=2$
$R\geqq$ $X$ $R$ $S$ $X$
$S$ $S=\{p_{k}|k\in \mathbb{N}\}$ $R\geqq R_{0}=2r_{0}$
2.6 $M\in \mathbb{N}$ $k$ $|S\cap B(p_{k}, 3R)|\leqq M$




$S$ $\mathcal{U}_{0}\cup \mathcal{U}_{1}\cup\cdots\cup \mathcal{U}_{M-1}$ $X$
$R$ $\mathcal{U}_{i}$ $2R=C_{0}R$
$X$ $\ell$-asdim $X\leqq M<\infty$
$\mathbb{H}^{n}$ $\ell$-asdim $\mathbb{H}^{n}=n<\infty$




1.1 $f:Xarrow X$ $X$
$(\#)$ $\lim_{xarrow\infty}d(x, f(x))=\infty$
$X$ ( $X$ ) $A$ $M>0$
$d(a, f(a))\leqq M (\natural)$
$a\in A$ Higson
$hX=X\cup\nu X$ clhx $A$ $c1_{hX}A\cap vX\neq\emptyset$
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$\xi\in c1_{hX}A\cap\nu X$ $\nu f$
$\xi\neq\nu f(\xi)$ $hX$ Hausdorff -: $hXarrow \mathbb{R}$
- $(\xi$ $)$ $\neq$ h-( $\nu$f($\xi$ )) $X$ $h:Xarrow \mathbb{R}$ $hX$
Higson
$a_{\lambda}arrow\xi\in c1_{hX}A$ $A$ $(a_{\lambda})$ 2.4 $f(a_{\lambda})arrow$
$\nu f(\xi)$ $(\natural)$ $h$ Higson $|h(a_{\lambda})-h(f(a_{\lambda}))|arrow 0$
$(\xi$$)=\overline{h}(\nu f(\xi))$ $\overline{h}$
$\xi$ $\nu f$
$X$ $S$ $r\geqq 0$ $N_{r}(S)$
$S$ $r$
$N_{r}(S)=\{x\in X|d(x, S)\leqq r\}$
3.1 ( coloring ). $X$ $f:Xarrow X$
(1)(2) $X$ $F_{2},$ $\ldots,$ $F_{N}$
$\nu f:\nu Xarrow\nu X$
(1) $X \backslash \bigcup_{i=1}^{N}F_{i}$
(2) $i=1,2,$ $\ldots,$ $N$ $R>0$ $N_{R}(F_{i})\cap N_{R}(f(F_{i}))$
Stone-\v{C}ech 1.4
(1)(2) $F_{1},$ $F_{2},$ $\ldots,$ $F_{N}$ $f$ coloring
(1) $X$
(2) f( )
3.1 $\xi\in\nu X$ $\xi$ $\nu X$
$K= c1_{X}(X\backslash \bigcup_{i=1}^{N}F_{i})$ (1) $K$ $X$
$X$ $K$ Higson
$hX$
$hX= c1_{hX}(X)=c1_{hX}(\bigcup_{i=1}^{N}F_{i}\cup K)=\bigcup_{i=1}^{N}c1_{hX}F_{i}\cup c1_{hX}K=\bigcup_{i=1}^{N}c1_{hX}F_{i}\cup K$
$\nu X=hX\backslash X=$ $( \bigcup_{i=1}^{N}$ clhx $F_{i})\backslash X$ $i$ $\xi\in c1_{hX}F_{i}$
$i$ (2) $R=1$ $N_{1}(F_{i})\cap N_{1}(f(F_{i}))$
$K$’ $A=F_{i}\backslash K’,$ $B=$ f(Fi) $\backslash K$’
$x\in X$ $d(x, A)>0$ $d(x, B)>0$ $F(x)=d(x, A)+d(x, B)$
$h(x)= \frac{d(x,A)}{F(x)}$
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$h:Xarrow[O, 1]$ (2) $xarrow\infty$
$F(x)arrow\infty$
3.1. $h$ Higson
3.1 $R>0$ $\lim_{xarrow\infty}$ diam $h(B(x, R))=0$






$h$ Higson $hX$ $\overline{h}:hXarrow[O, 1]$
$\xi\in c1_{hX}F_{i}$ 2.4 $vf(\xi)\in clhx$ $f(F_{i})$
$A=F_{i}\backslash K’,$ $B=f(F_{i})\backslash K’$ $K’$
$c1_{hX}F_{i}\cap\nu X=c1_{hX}A\cap vX,$ $c1_{hX}f(F_{i})\cap\nu X=c1_{hX}B\cap\nu X$
$\xi\in c1_{hX}A, \nu f(\xi)\in c1_{hX}B$
$h$ $A\subset h^{-1}(1),$ $B\subset h^{-1}(0)$ $\xi\in c1_{hX}A\subset$
$\overline{h}^{-1}(1),$ $vf(\xi)\in c1_{hX}B\subset\overline{h}^{-1}(0)$ $\overline{h}(\xi)=1\neq 0=\overline{h}(\nu f(\xi))$
$\xi\neq vf(\xi)$ 3.1 $\square$
large-scale doubling $X$




3.2. $X$ $f:Xarrow X$
$X’$ $\varphi:Xarrow X’$ $f’$ : $X’arrow X’$
$f\sim\psi\circ f’\circ\varphi$





$Y$ $X$ 1 $X’=Y\cross C$
$d((y, c), (y’, c’))=d(y, y’)+|c-c’|$ $X’$
$x\in X$ $x$ $Y$ $\varphi’(x)$ $\varphi’$ : $Xarrow Y$
$i:Yarrow X$ $j:Yarrow X’,$ $p:X’arrow Y$
$j(y)=(y, 0),$ $p(y, c)=y$
$\varphi:Xarrow X’$ $\varphi(x)=i\circ\varphi’$
$\psi:X’arrow X$ $\psi=i\circ p$ $\tilde{f}=\varphi’\circ f\circ i:Yarrow Y$
$C>0$ $y\in Y$
$x\in Y$ $d(y, f(x))<C$ ( $Y$
$Y$ $f$ $x$ $Y$ $f$
$y$ ).
$C$ $x\in Y$ $F_{x}=B_{Y}(f(x), C)$ $B_{Y}$ $Y$
$F_{x}$ $y\in Y$
$F^{y}=f^{-1}(B_{Y}(y, C))$ $F^{y}$ $\grave{}$ x $\in Y$
$c=II_{y\in F_{x}}^{D_{x}(y)}$ $D_{x}(y)$ ( )
$y\in Y$ $c=U_{x\in Fy}E^{y}(x)$ $E^{y}(x)$
$X’$
$X’=\coprod_{x\in Y}\coprod_{y\in F_{x}}D_{x}(y)=\coprod_{y\in Y}\coprod_{x\in Fy}E^{y}(x)$
$x\in Y,$ $y\in F_{x}$ $d(f(x), y)\leqq C$ , $x\in F^{y}$
$D_{x}(y),$ $E^{y}(x)$
$f_{x,y}’:D_{x}(y)arrow E^{y}(x)$
$x\in Y,$ $y\in F_{x}$
$f’= \coprod_{x\in Y}\prod_{y\in F_{x}}f_{x,y}’:\prod_{x\in Y}\coprod_{y\in F_{x}}D_{x}(y)=Yarrow Y=\prod_{y\in Y}\prod_{x\in F}$
$E^{y}(x)$
$f’$ $f’$
$(x, c)\in Y$ $d(p\circ f’(x, c),\tilde{f}(x))\leqq C$ $p\circ f’\sim\tilde{f}\circ p$,
$\psi\circ f’\circ\varphi=i\circ pof’\circ j\circ\varphi’$
$\sim i\circ f\circ pojo\varphi’$
$\sim i\circ f\circ\varphi’$








(1) $X \backslash \bigcup_{m=1}^{N}F_{m}$




$F_{1}$ , $F_{2}$ , . . . , $F_{N}$
$Y$ $\dim\nu Y\leqq$ asdim $Y$ Dranishnikov-
Keesling-Uspenskij [3, Lemma 2.9]
$X$ $\mathcal{U}$ $X$ $\mathcal{U}$
$\cup \mathcal{U}$ $X\backslash \cup \mathcal{U}$
4.2. $X$ $\ell$-asdim $X=n<\infty$
$\lambda_{0}>0$ $\epsilon_{0}>0$ : $L:Xarrow[O, \infty)$
(a) $\lim_{xarrow\infty}L(x)=$
(b) $|L(x)-L(y)|\leqq\lambda_{0}d(x, y)+\lambda_{0}$ $(x, y\in X)$
$X$ $(i=0,1, \ldots, n)$ (A)(B)(C)(D)
(A) $i$
(B) $\mathcal{U}_{0}U\mathcal{U}_{1}U\cdots \mathcal{U}_{n}$ $X$
(C) $i$ $A\in \mathcal{U}_{i},$ $x\in A$ diam $A<L(x)$
(D) $i$ $A,$ $B\in \mathcal{U}_{i},$ $x\in A$ $A\neq B$ $d(A, B)\geqq\epsilon_{0}L(x)$
3.1
$X$ large-scale doubling
$f$ $(\#)$ $X$ ’ large-scale doubling
$r_{0}>0$
$A\geqq 1$
$A^{-1}d(x, y)-A\leqq d(f(x), f(y))\leqq Ad(x, y)+A$ (1)
$A^{-1}d(x, y)-A\leqq d(f^{-1}(x), f^{-1}(y))\leqq Ad(x, y)+A$ (2)
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$\lim_{xarrow\infty}d(x, f^{-1}(x))=\lim_{xarrow\infty}d(f(f^{-1}(x)), f^{-1}(x))=\lim_{yarrow\infty}d(f(y), y)=\infty$ (4)
$D>0$ $L:Xarrow[O, \infty)$
$L(x)= \frac{1}{D}\min\{d(x, f(x)), d(x, f^{-1}(x))\}$ (5)
$D$ $D$
$L$ 4.2 (a) $L$
4.2 (b)
4.3. $x,$ $y\in X$
$|L(x)-L(y)| \leqq\frac{A+1}{D}d(x, y)+\frac{A}{D}$ (6)
$x,$ $y\in X$
$d(y, f(y))\leqq d(y, x)+d(x, f(x))+d(f(x), f(y))$
$\leqq d(x, y)+d(x, f(x))+Ad(x, y)+A$ (7)
$=(A+1)d(x, y)+d(x, f(x))+A$
$|d(x, f(x))-d(y, f(y))|^{-}\leqq(A+1)d(x, y)+A$
$|d(x, f^{-1}(x))-d(y, f^{-1}(y))|\leqq(A+1)d(x, y)+A$
$|L(x)-L(y)|= \frac{1}{D}|\min\{d(x, f(x)), d(x, f^{-1}(x))\}-\min\{d(y, f(y)), d(y, f^{-1}(y))\}|$
$\leqq\frac{1}{D}\max\{|d(x, f(x))-d(y, f(y))|, |d(x, f^{-1}(x))-d(y, f^{-1}(y))|\}$
$\leqq\frac{1}{D}((A+1)d(x, y)+A)=\frac{A+1}{D}d(x, y)+\frac{A}{D}.$
(8)











$iarrow\infty$ $\overline{p}_{i},\ovalbox{\tt\small REJECT}\cdotarrow\infty$ $L$ 4.2 (a)
$\lim_{jarrow\infty}L(\overline{p}_{i,j})=\infty$ (11)
$i$ $M>0$ $L(\overline{p}i,j)\leqq M$ $i$
(10)
$i<k$ $L(\overline{p}_{i,j})\leqq L(\overline{p}_{i,k})$ (12)
$\mathcal{U}_{i}=\{U_{i,j}|j\in \mathbb{N}\}$ $\{V_{i,j}|j\in \mathbb{N}\}$
$n_{0}=1$
$A_{i,1}=\{k\in \mathbb{N}|\overline{p}_{i,k}\in B(\overline{p}_{i},{}_{n0}L(\overline{p}_{i,n_{0}}))\}$ (13)
$A_{i,k}(1\leqq k<j)$ $n_{i,j-1}= \min(\mathbb{N}\backslash (A_{i,1}\cup\cdots\cup$
$A_{i,j-1})$














$A_{i,j}=\{k\in \mathbb{N}\backslash (A_{i,1}\cup\cdots\cup A_{i,j-1})|\overline{p}_{i,k}\in B(p_{i},{}_{j}L(p_{i,j}))\}$ (20)
$V_{i,j}$ $p_{i,j}(i=0,1, \ldots, N, j\in \mathbb{N})$
4.4.
(i) $V_{i,j}$
(ii) $\mathcal{V}=\{V_{i,j}|i=0,1, \ldots, N, j\in \mathbb{N}\}$ $X$
(iii) $p_{i,j}\in V_{i,j}.$
(iv) $\lim_{jarrow\infty}L(p_{i,j})=\infty.$
(v) $j<k$ $L(p_{i,j})\leqq L(p_{i,k})$ .
(vi) $j<k$ $d(Pi,j,Pi,k)>L(p_{i,j})$ .
(vii) $x\in V_{i,j},$ $j\neq k$ $d(V_{i,j}, V_{i,k})\geqq\epsilon_{0}L(x)$ .
(i) $\mathcal{U}_{i}$ (C) $U_{i,k}$ $A_{i,j}$
$V_{i,j}= \bigcup_{k\in A_{:,j}}U_{i,k}$
(ii) $\mathcal{V}$ (A) $V_{i,j}$
$i$ $\bigcup_{j\in \mathbb{N}}A_{i,j}=\mathbb{N}$ $\bigcup_{i=0}^{n}\bigcup_{j\in N}V_{i,j}=$
$\bigcup_{i=0}^{n}\bigcup_{k\in \mathbb{N}}U_{i,k}$ $\mathcal{U}_{i}(i=0,1, \ldots, n)$ (B) $\mathcal{V}$ $X$
(iii) $p_{i,j}=\overline{p}_{i,n_{i,j-1}}\in U_{i,n_{i,j-1}}$ (15) $U_{i,n_{i,j-1}}\subset V_{i,j}$
$Pi,j\in V_{j}$
(iv)(v) $(n_{i,j})_{j\in \mathbb{N}}$ (11), (12)
(vi) $i<k$ (15) $n_{i,k-1}\in A_{i,k}$ $n_{i,k-1}\not\in A_{i,j}$
$A_{i,j}$ (20) $p_{i,k}=\overline{p}_{i,n_{i,k-1}}\not\in B(pi,{}_{j}L(pi,j))$
(vii) $\mathcal{U}_{i}$ (D) $V_{i,j}$
$\frac{A+1}{D}\leqq 1$ (21)
$D>0$
4.5. $x\in V_{i,j}$ $d(x,pi,j)\leqq 3L(pi,j)+1.$
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$D$ (21) $d(x, y)\leqq 3L(p_{i,j})+1$
$V_{i,j}$ $\epsilon_{0}L(Pi,j)/3$ $W_{i,j}$ :
$W_{i,j}=N_{\epsilon_{0}L(p_{i,j})/3}(V_{i,j}) (i=0,1, \ldots, n, j\in \mathbb{N})$ . (26)
$V_{i,j}$ ( 4.4 $(i)$ ), $W_{i,j}$ 4.5
diam $V_{i,j}\leqq 6L(p_{i,j})+2$ $\epsilon_{0}$ (3)
diam $W_{i,j} \leqq 6L(p_{i,j})+2+\frac{2\epsilon_{0}L(p_{i,j})}{3}$
(27)
$\leqq 8L(p_{i,j})+2,$




4.6. $X\in W_{i,j}$ diam $W_{i,j}\leqq M(x)$
$M(x)=16L(x)+4$. (30)









$L(x) \geqq\frac{1}{16}$ diam $W_{i,j}- \frac{1}{4}$ , (33)
diam $W_{i,j}\leqq 16L(x)+4=M(x)$
(32) 4.4 (iv) $j_{0}\in \mathbb{N}$




4.7. $N_{1}\in \mathbb{N}$ : $i\in\{0,1, \ldots, n\}$
$\{j\in \mathbb{N}|j\geqq j_{0}\}=II_{s=1}^{N_{1}}c_{i,s}$ $s\in\{1,2, \ldots, N_{1}\}$
$j,$ $k\in C_{i,s}$ $f(W_{i,j})\cap W_{i,k}=\emptyset$ (35)
$i\in\{0,1, \ldots, n\}$ $V_{i,j},$ $W_{i,j,Pi,j}$ $W_{j,Pj}$
$j\geqq j_{0}$
$D_{j}^{\pm}=f^{\pm 1}(W_{j})$ , (36)
$B_{j}^{\pm}=\{k>j|D_{j}^{\pm}\cap W_{k}\neq\emptyset\}$ (37)
$f^{\pm 1}(W_{j})$ $f(W_{j})$ $f^{-1}(W_{j})$
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4.1. $j(\geqq j_{0})$ $N_{0}$ $|B_{j}^{\pm}|\leqq N_{0}.$
4.1
$c_{j}=48\epsilon_{0}^{-1}$ . diam $D_{j}^{\pm}+4$ (38)
$B_{j}^{\pm}$ :
$B_{j}^{\pm}(1)=\{k\in B_{j}^{\pm}|M(p_{k})\leqq c_{j}\}$ (39)
$B_{j}^{\pm}(2)=\{k\in B_{j}^{\pm}|M(p_{k})>c_{j}\}$ (40)
$B_{j}^{\pm}(2)$ $|B_{j}^{\pm}(2)|\leqq 1$ $k,$ $l\in B_{j}^{\pm}(2),$ $k>$
$l$ $k\in B_{j}^{\pm}(2)$ $M(p_{k})>\mathcal{C}j$ $\epsilon_{0}(M(p_{k})-4)/48>$ diam $D_{j}^{\pm}$
$k,$ $l\in B_{j}^{\pm}$ $W_{k}$ , $D_{j}^{\pm}$ (26), (30)
4.4 (vii)









(1), (2) 4.6 $R_{0}=21A\cdot(96\epsilon_{0}^{-1}+1)+8$





$A\geqq 1$ (34) $L(pj)\geqq 1$
$k\in B_{j}^{\pm}(1)$ $p_{k}\in E_{j}^{\pm}$ (45)
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$Pk\in W_{k}$ $W_{k}\cap D_{j}^{\pm}\neq\emptyset$ $d(p_{k}, D_{j}^{\pm})\leqq$ diam $W_{k}\leqq$
$M(p_{k})\leqq c_{j}$ $Pk\in N_{c_{j}}(D_{j}^{\pm})=E_{j}^{\pm}$
$k,$ $l\in B_{j}^{\pm}(1),$ $k<l$ $d(p_{k},p_{l})>L(Pj)$ (46)
4.4 (vi) $d(p_{k},p_{l})>L(p_{k})$ $k\in B_{j}^{\pm}$ $k>i$
4.4 (v) $L(p_{k})\geqq L(p_{j})$ (46)
$E_{j}^{\pm}$ (44) $E_{j}^{\pm}$ $2R_{0}L(p_{j})$ $B$
(45), (46) $\{p_{k}|k\in B_{j}^{\pm}(1)\}$ $B$ $L(Pj)$









$i\in F_{\mu},$ $k\in F_{\nu},$ $f(W_{j})\cap W_{k}\neq\emptyset$ $|\mu-\nu|\leqq 1$ (50)
$D$
$D>20$ (51)
4.2. $j\geqq jo$ $f(W_{j})\cap W_{j}=\emptyset.$
4.2 $i\geqq jo,$ $x\in W_{j}$ $L$ (5) (34), (51)
$d(x, f(x))\geqq D\cdot L(x)>20L(x)\geqq 16L(x)+4=M(x)\geqq$ diam $W_{j}$ (52)
$f(x)\not\in W_{j}$
4.3. $\mu\in \mathbb{N}$ $c_{\mu}:F_{\mu}arrow\{1,2, \ldots, 2N_{0}+1\}$ $j,$ $k$
$F_{\mu},$ $f(W_{j})\cap W_{k}\neq\emptyset$ $c_{\mu}(j)\neq c_{\mu}(k)$
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4.3 $F_{\mu}=\{n_{\mu-1}, n_{\mu-1}+1, \ldots, n_{\mu}-1\}$ $c_{\mu}(j)$ $j=n_{\mu}-1$
$i$ $c_{\mu}(n_{\mu}-1)=1$
$c_{\mu}(j+1)$ $i\geqq n_{\mu-1}$ $c_{\mu}(j)$
$\tilde{B}_{j}=\{k\in F_{\mu}|j<k$ $(f(W_{j})\cap W_{k}\neq\emptyset$ $f(W_{k})\cap W_{j}\neq\emptyset)\}$ (53)
$f(W_{j})\cap W_{k}\neq\emptyset,$ $f(W_{k})\cap W_{j}\neq\emptyset$ $D_{j}^{+}\cap W_{k}\neq\emptyset,$ $D_{\overline{j}}\cap W_{k}\neq\emptyset$
$\tilde{B}_{j}\subset B_{j}^{+}\cup B_{j}^{-}$ (54)
4.1 $|\tilde{B}_{j}|\leqq|B_{j}^{+}|+|B_{j}^{-}|\leqq 2N_{0}$
$c_{\mu}(j)\in\{1,2, \ldots, 2N0+1\}$ $k\in\tilde{B}_{j}$ $c_{\mu}(j)\neq c_{\mu}(k)$
$c_{\mu}$ 4.2 $c_{\mu}$
$N_{1}=4N_{0}+2$ $c:\{j\in \mathbb{N}|i\geqq jo\}arrow\{1,2, \ldots, N_{1}\}$
$c(j)=\{\begin{array}{ll}c_{\mu}(j) i\in F_{\mu} \mu c_{\mu}(j)+2N_{0}+1 i\in F_{\mu} \mu \end{array}$ (55)
$C_{i,s}=c_{\mu}^{-1}(s)(s=1,2, \ldots, N_{1})$ (50) $\{j\in \mathbb{N}|i\geqq$
$j_{0}\}=\coprod_{s=1}^{N_{1}}$ Ci, $s$ 4.7 $\square$
4.1 4.7 $N_{1}$ $\{i\in \mathbb{N}|j\geqq j_{0}\}=$







$\bigcup_{m=1}^{N}F_{m}=\bigcup_{i=0}^{n}\bigcup_{j\geqq j_{0}}V_{i,j}$ 4.4 (i), (ii) $X \backslash \bigcup_{m=1}^{N}F_{m}$
$R>0$ $m=iN_{1}+s(i=0, \ldots, n, s=1, \ldots, N_{1})$
$S=N_{R}(F_{m})\cap N_{R}(f(F_{m}))$ $S$
$S= \bigcup_{j,k\in C_{i,s}}(N_{R}(V_{i,j})\cap N_{R}(f(V_{i,k})))$ (57)
$\cup$ $S_{j,k}=N_{R}(V_{i,j})\cap N_{R}(f(V_{i,k}))$
4.4 (i) $S_{j,k}(j, k\in C_{i,s})$ $(j, k)$
$S$
4.4 (iv) $J\in \mathbb{N}$ $i\geqq J$ $\epsilon_{0}L(p_{i,j})/3>2R$
$J$
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4.8. $j,$ $k\in C_{i,s}$ $j\geqq J$ $S_{j,k}=\emptyset$ $K\in \mathbb{N}$
$i<J,$ $k\geqq K$ $S_{j,k}=\emptyset$
$j,$ $k\in C_{i,s},$ $i\geqq J$ $x\in S_{j,k}$
$R<L(p_{i,j})/6$ $d(x, y)<\epsilon_{0}L(p_{i,j})/6,$ $d(x, z)<\epsilon_{0}L(p_{i,j})/6$ $y\in V_{i,j},$
$z\in f(V_{i,k})$ $d(z, y)<\epsilon_{0}L(p_{i,j})/3$
$z\in f(V_{i,k})\cap N_{\epsilon_{0}L(p_{i,j})/3}(V_{i,j})=f(V_{i,k})\cap W_{i,j}\subset f(W_{i,k})\cap W_{i,j}$ (58)
(35) $f(W_{i,k})\cap W_{i,j}=\emptyset$ $z\in\emptyset$
$S_{j,k}=\emptyset$
$T=f^{-1}(N_{3R(\bigcup_{j<J}j}V,))$ 4.4 (i) $f$
$T$
4.4 (ii) $K$ $k\geqq K$ $T\cap V_{i,k}=\emptyset$ ,
$N_{3R}( \bigcup_{j<J}V,j))\cap f(V_{i,k})=\emptyset$ $i<J,$ $k\geqq K$
$j,$ $k\in C_{i,s}$ $S_{j,k}=N_{R}(V_{i,j})\cap N_{R}(f(V_{i,k}))=\emptyset$
4.8 $j<J,$ $k<K$ $(j, k)$ $S_{j,k}=\emptyset$
$S$ 4.1
1.1
4.9. 4.1 $D>0$ (9),
(21), (29), (51) $D$
$D> \max\{20,16A+8, \frac{A+1}{\lambda_{0}}\}$
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